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Abstrat
We motivate and analyze the weak-eld limit of a non-analytial Lagrangian for the
gravitational eld. After investigating the parameter spae of the model, we impose
onstraints on the parameters haraterizing this lass of theories imposed by Solar-
System data, i.e. we establish the validity range where this solution applies and rene
the onstraints by the omparison with planetary orbits. As a result, we laim that this
lass of models is viable within dierent astrophysial sales.
1 Basi Statements
Although General Relativity (GR) is a well settled-down theory for the desription of
geometrodynamis, nevertheless, over the last deades, a wide number of approahes
have been developed to generalize it. These extended points of view are aimed not only
at addressing the quantization of the gravitational eld, but also at establishing proper
deformations of the Einsteinian dynamis towards the spae-time singularities.
From the very beginning, the possibility to reformulate GR by using a generi funtion
of the Rii salar (see, for example, [1℄ for a reent review and the referenes therein)
has appeared as a natural issue oered by the fundamental priniples established by
Einstein. Indeed, this kind of extended Einstein-Hilbert (EH) Lagrangian preserves
the fundamental features at the basis of General Relativity and Equivalene priniples,
and indues a diret modiation of the dynamis only (at least, as far as the metri
approah is onerned). Reently, modied f(R) gravity has aquired interest in view
of the possibility to desribe within this redened dynamis some unexpeted features
observed on the large-sale struture of the Universe, i.e. the Pioneer anomaly, the
galaxy rotation urve behaviour, the Universe aeleration, and, nally, the removal of
singular behaviours of the gravitational eld [2℄.
However, it is important to remark that any modiation of the EH Lagrangian is
reeted onto a deformed gravitational-eld dynamis at any length sale investigated
or observed. Thus, the suess of suh f(R) gravity in the solution of a spei problem
has to math onsisteny with observation in other length sales [3, 4, 5℄. In this respet,
we emphasize that the small value of the present urvature of the Universe [6℄ leads us
to believe that, independently of its spei funtional form, the f(R) term must be
regarded as a lower-order expansion in the Rii salar. On the other hand, it is easily
understood that the peuliarities of suh an expansion will be extremely sensitive of the
morphology of the deformed Lagrangian.
The most immediate generalization is of ourse to deal with a funtion of the Rii salar
analytial in the point R = 0, so that its Taylor expansion holds [7℄. This approah is
equivalent to deal with a polynomial form [8, 9℄, whose free parameters are available to
t the observed phenomena on dierent setors of investigation. Despite the appealing
prole of suh a hoie, it is extremely important to observe that it is not the most
general ase, sine real (non-integer) exponents of the Rii salar are in priniple on
the same footing as the simplest ase [10, 11℄. In this letter, we will onentrate our
attention on suh an open issue, and we will develop a modied theory of the form
f(R) = R+ γRβ , where γ and β are two free parameters to be onstrained at physial
level [5, 3℄. In partiular, the details of our model will lead us to deal with rational non-
integer numbers for β, and to restrit it in the most appropriate interval for physial
interpretation at low urvature, 2 < β < 3.
We analyze the weak-eld limit of our modied Lagrangian and derive the orresponding
spherially-symmetri eld equations. Here we retain only those non-integer powers in
the Rii salar, whih represent the dominant eet after the linear approximation. The
hoie 2 < β < 3 allows us to distinguish the dominant non-Einsteinian terms from the
non-linear ones of GR. The expliit solution of the derived system is found, and its main
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features are analyzed in view of possible onstraints from observational data[4, 5, 12℄.
The main issue of our treatment is to demonstrate that our f(R) model is appropriate
both to fulll Solar-System onstraints and to provide a signiant break-down of the
Newton law at galati sales. The paper is organized as follows. In setion two, we
provide the details of the model. In setion three, we analyze the weak-eld limit of the
f(R) theory. Setion four is eventually devoted to phenomenologial estimations, whih
x the onstraints on the model. Disussion and onlusion follow.
2 Non-analytial f(R) model
We onsider the following modied gravitational ation in the Jordan frame
S = − c3
16piG
∫
d3x
√−gf(R) = − c3
16piG
∫
d3x
√−g (R+ γRβ) , (1)
where β is dimensionless, and the parameter γ has the dimensions of length 2β−2. We
an dene the harateristi length sale of our model as Lγ ≡| γ |1/(2β−2). It is straight-
forward to verify that (1) is non-analytial in R = 0 for non-integer, rational β, i.e.
its Taylor expansion in the viinity of R = 0 does not hold. Similar models have been
investigated, for example, in [10℄, mostly from a osmologial point of view; in [11℄, the
possibility of an irrational exponent is also envisaged.
We an gain further information on the value of β by analyzing the onditions that al-
low for a onsistent weak-eld stationary limit. Furthermore, the study of the potential
of the salar eld in the Einstein frame will dene the whole parameter spae {βγ}.
Having in mind to investigate the weak eld limit of our theory to pursue its predition
at Solar-System sales, we an deompose the orresponding metri as gµν ≡ ηµν + hµν ,
where hµν is a small (for our ase, stati) perturbation of the Minkowskian metri ηµν .
In this limit, the Einstein equations read
Rµν − 12ηµνR − ΓβRβ−1;µν +γβηµνRβ−1 = 0 (2a)
R = 3ΓβRβ−1 (2b)
where ; denotes ovariant dierentiation,  ≡ gρσ∇ρ∇σ, and, for the sake of ompat-
ness, in this treatment we retain the usual notation of the urvature salar R and the
Rii tensor Rµν alulated up to the weak-eld limit, as we are evaluating the O(h)
orders.
The struture of suh eld equations lead us to fous our attention on the restrited
region of the parameter spae 2 < β < 3. This hoie is enfored by the fulllment of
the onditions by whih all other terms are negligible with respet to the linear and the
lowest-order non-Einsteinian ones.
The modied gravitational ation (1) an be ast in an equivalent salar-tensor model in
the Einstein frame [11, 13℄, i.e. a salar eld ϕ minimally oupled to gravity, by means of
the onformal transformation gµν → eϕgµν , where ϕ ≡ − ln f ′. In addition, the further
transformation ϕ→ kφ, where k ≡
√
16piG
3c4
aounts for the right dimensions of a salar
3
eld. Within this framework, the potential V (ϕ) desribing the dynamis of the salar
eld reads
V (ϕ) = e2k φ (−1 + β)
(
−1+e−kϕ
β γ
) β
−1+β
γ (3)
The appearane of a minimum in the potential is ruial, sine the osmologial im-
plementation of this piture into an isotropi and homogeneous Universe suggests one
that suh a minimum beomes, sooner or later, an attrative stable onguration for the
system
1
.
From the analysis of the salar potential, we see that, for 2 < β < 3, there are two
extremal points
ϕ0 = 0, ϕβ =
1
k
log
(
−2+β
2 (−1+β)
)
and V (ϕ) behaves likes an attrator only for the ases
1. γ > 0, β > 2, β = 2n
2m+1
, m,n ∈ Z: ϕ0 is a minimum, ϕβ is a maximum;
2. γ < 0, β > 2, β = 2n
2m+1
, m,n ∈ Z: ϕ0 is a maximum, ϕβ is a minimum.
3 Weak-eld limit
From the analysis of the form of (2a-2b) in the Jordan frame, we learn that it is possible
to nd a post-Newtonian solution by solving the set of (2a-2b) up to next-to-leading
order in h, i.e. up to O(hβ−1), and negleting the O(h2) ontributions only for the ases
2 < β < 3.
These onsiderations motivate the hoie we laimed above onerning the restrition of
the parameter β ∈ (2, 3). The most general spherially-symmetri line element in the
weak-eld approximation reads
ds2 = (1 + Φ)dt2 − (1−Ψ)dr2 − dΩ2, (4)
where Φ and Ψ are the two generalized gravitational potentials, and dΩ2 is the solid-
angle element. Within this framework, the modied Einstein equations (2a-2b) rewrite
Rtt − 12R− γβ∇2Rβ−1 = 0 (5a)
Rrr +
1
2
R− ΓβRβ−1,rr+γβ∇2Rβ−1 = 0 (5b)
Rθθ +
1
2
r2R− ΓβrRβ−1,r +γβr2∇2Rβ−1 = 0 (5)
R = −3Γβ∇2Rβ−1, (5d)
1
In fat the energy density of the salar eld is monotonially damped by the Universe expansion and
the later stages of the Universe must be ompatible with a weak perturbation of the GR sheme. As
a matter of fat, a onstant value of ϕ orresponds to an Einsteinian dynamis and its extremal-point
harater ensures the nearby stability of this onguration.
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where
R = ∇2Φ+ 2
r2
(rΨ),r (6a)
Rtt =
1
2
∇2Φ (6b)
Rrr = −12Φ,rr−1rΨ,r (6)
Rθθ = −Ψ− r2Φ,r− r2Ψ,r (6d)
Rφφ = sin
2 θRθθ. (6e)
Here , denotes ordinary dierentiation and ∇2 ≡ d2
dr2
+ 2
r
d
dr
.
System (5a-5d) is solved by
R = Ar
2
β−2 , A =
[
−6γβ(3β−4)(β−1)
(β−2)2
] 1
2−β
(7a)
Φ = σ + δ
r
+ Φβ
(
r
Lγ
)2β−1
β−2
, Φβ ≡
[
−6β(3β−4)(β−1)
(β−2)2
] 1
2−β (β−2)2
6(3β−4)(β−1)
(7b)
Ψ = δ
r
+Ψβ
(
r
Lγ
)2β−1
β−2
, Ψβ ≡
[
−6β(3β−4)(β−1)
(β−2)2
] 1
2−β (β−2)
3(3β−4)
(7)
where the integration onstant δ has the dimensions of length, and the dimensionless
integration onstant σ an be set equal to zero. The integration onstant A has the
dimensions of length
2β−2
2−β
, and Φβ and Ψβ are dimensionless, aordingly. Moreover, we
nd that A is well-dened only in the ase γ < 0, β = 2n/(2m+1), i.e. only for ongu-
ration (2) of the salar-tensor desription. In this ase, A > 0. It is remarkable that the
limit γ → 0, apparently restoring GR [14℄, is mapped, in the solution, into the opposite
ase γ → ∞ [9℄. Indeed, this situation in whih the typial length sale assoiated to
the parameter γ is arbitrarily large would orrespond to the physial intuition of an
arbitrarily large sale for the relevane of the non-Einsteinian ontributions.
4 Solar-System onstraints
The most suitable arena where to evaluate the reliability and the validity range of the
weak-eld solution (7a-7) is, of ourse, the Solar System [5, 3℄. For this reason, we
an speify (7b) and (7)for the typial length sales involved in the problem. To this
end, we split Φ and Ψ of (7b) and (7) into two terms, the Newtonian part and the
post-Newtonian one, respetively, i.e. Φ ≡ ΦN + ΦPN ≡ rs/r + Φβ(r/Lγ)2(β−1)(β−2) and
Ψ ≡ ΨN +ΨPN ≡ −rs/r+Ψβ(r/Lγ)2(β−1)(β−2), where the integration onstant δ in (7b-
7) results naturally as the Shwarzshild radius of the Sun (apart from the sign) rs ≡
2GMs/c
2
, Ms being the Solar mass. In fat, while the weak-eld approximation of the
Shwarzshild metri is valid within the range rs << r <∞ beause it is asymptotially
at, the post-Newtonian orretion has the peuliar feature to diverge for r →∞. It is
therefore neessary to establish a validity range rmin << r << rmax, where this solution
is physially preditive[15℄. The denition of this validity range is stritly related to the
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parameters β and Lγ involved in the model. Stringent onstraints for Lγ an be found in
the analysis of planetary orbital periods, whih represent a severe test within the Solar
System, beause of the high preision of experimental data.
4.1 Validity range
Sine we aim to provide a physial piture at least of the planetary region of the Solar
System, we are led to require that ΦPN and ΨPN remain small perturbations with respet
to ΦN and ΨN , so that it is easy to reognize the absene of a minimal radius exept for
the ondition r >> rs. A maximum radius rmax appears instead. In fat, the denition
of rmax requires further disussion. The typial distane r
∗
orresponds to the request
| ΦN (r∗) |∼ ΦPN(r∗), | ΨN(r∗) |∼ ΨPN(r∗). (8)
For rs << r << r
∗
, the system obeys thus Newtonian physis, and experienes the
post-Newtonian term as a orretion. Another maximum distane r∗∗ an be dened,
aording to the request that the weak-eld expansion in (4) should hold, regardless to
the ratios ΦPN/ΦN and ΨPN/ΨN . Aording to our denition of rmin, r
∗∗
is dened as
| ΦN (r∗∗) |<< ΦPN(r∗∗) ∼ 1, | ΨN(r∗∗) |<< ΨPN(r∗∗) ∼ 1. (9)
We remark that that, within this sheme, r∗ and r∗∗ are dened as funtions of β and
Lγ , i.e. r
∗ ≡ r∗(β, Lγ) and r∗∗ ≡ r∗∗(β, Lγ) respetively
r∗ ∼ (rs/Φβ)
β−2
3β−4 L
2β−2
3β−4
γ , r
∗∗ ∼ Lγ
/
Φ
β−2
2β−2
β . (10)
It is important to stress that, for the validity of our sheme, the ondition r∗ >> rs
must hold, i.e. Lγ >> Φ
(β−2)/(2β−2)
β rs.
4.2 Planetary orbital periods
At this level, negleting the lower-order eets onerning the eentriity of the plan-
etary orbit, we an deal with the simple model of a planet moving on irular orbit
around the Sun, and its orbital period T is given by T = 2pi(r/a)1/2, a ≡ c2
2
dΦ/dr being
the entripetal aeleration. For our model, from (7b), we get
Tβ =
2pi
(GMs)1/2
r3/2

1 + 2β−1
β−2
Φβ
r
3β−4
β−2
rsL
2β−2
β−2
γ


−1/2
. (11)
Hene we evaluate the orretion to the Keplerian period TK = 2pir
3/2(GMs)
−1/2
, om-
pare it with he experimental data of the period Texp and its unertainty δTexp and then
impose that the orretion be smaller than the experimental unertainty, i.e.
δTexp
Texp
≥ |TK−Tβ |
TK
∼ β−1
β−2
Φβ
r
3β−4
β−2
p
rsL
2β−2
β−2
γ
, (12)
where rp is the mean orbital distane of a given planet from the Sun.
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4.3 Numerial estimations
We now speify the previous onsiderations for and intermediate value of β, allowed by
the analysis of the weak-eld limit onsisteny and the salar-tensor desription. To
provide proper numbers, we hoose a typial (non-peuliar) value of the parameter β,
say β = 8/3.
High-preision measurements are nowadays available for the distanes between Solar-
System planets and the Sun, so that the relative error in the orbital period is extremely
small. Aording to this fat, we speify our analysis for example for the Earth [3℄, for
whih Texp = 365.256363051days, δTexp = 5.0 · 10−10days and rp = 149.6 · 106km. For
β = 8/3, (12) implies Lγ > 1.147466382 · 1011Km.
This lower bound for Lγ an be plugged into (8) and (9) to get an estimation of the
distanes r∗ and r∗∗. Sine the onstraints on the tt and the rr omponents of the
metri tensor imply similar onditions, we restrit our analysis to the physially-relevant
ase of the tt omponent, and, after diret alulation, obtain r∗ ∼ 1.6 · 1010km and
r∗∗ ∼ 1.5 · 1012km.
Suh values of r∗, r∗∗ and Lγ are essentially stable with respet to the range of
8
3
<<
β << 3. In fat, in the viinity of the greatest value β = 3, we would obtain Lγ >
1.3·1012km, r∗ ∼ 4·1010km, r∗∗ ∼ 1.3·1013km. Our analysis laries how the preditions
of the orresponding equations for the weak-eld limit appear viable in view of the
onstraints arising from the Solar-System physis. Indeed, the lower bound for Lγ does
not represent a serious shortoming of the model, as we are going to disuss.
5 Disussion and Conlusions
When adopting an f(R) model to extend GR, we are addressing an appealing proedure
to onsistently derive unexpeted features of standard geometrodynamis. However, the
wide spetrum of possible eets allowed by suh a reformulation ould represent one of
the shortomings of the approah if no preise aount of observational data is taken. In-
deed, we have enough preision in the measurement of astrophysial systems to represent
a severe test for the reliability of an extended approah for the gravitational-eld dynam-
is. The present investigation has demonstrated how, in ontrast with other analogous
treatments[16, 3℄, the non-analytial ase 2 < β < 3 is not exluded by Solar-System
tests. Even though we have restrited our analysis here to the unertainty of the Earth
period, nevertheless in sheds light on the viability of the theory unambiguously. The
lower bound of Lγ is almost ompatible already with the Solar-System sale, sine it
would predit non-Newtonian eets for outer regions only. However, it is lear that
the orresponding value of r∗∗, where the theory would require a non-linear treatment,
is manifestly inompatible with observations on the galati sale. Thus, we an obtain
a more reliable estimation for the fundamental sale Lγ by requiring that the value of
r∗ overlap the typial galati sale on whih the rotation urves manifest the atness
of their behaviour, as outlined by 21cm Hydrogen line [17℄. Indeed, taking r∗ in orre-
spondene of the length of about 10Kpc ∼ 3 · 1017km and an internal mass (assumed
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as spherially distributed) of 1011Ms, we get Lγ ∼ 4 · 1017km and r∗∗ ∼ 5 · 1018km
for β = 8/3. It is not among the purposes of this short ommuniation to disuss the
detailed preditions of our theories on the galati sales (we will address the analysis
of this question in further investigations). What we wish to emphasize here is that our
proposal for a suitable value of the harateristi length Lγ an predit small hanges
on Solar-System observables, while it ould drive relevant modiations in higher-sale
astrophysis.
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